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SYMMETRIC STRUCTURE FOR THE ENDOMORPHISM ALGEBRA OF
PROJECTIVE-INJECTIVE MODULE IN PARABOLIC CATEGORY
JUN HU AND NGAU LAM
Abstract. We show that for any singular dominant integral weight λ of a complex semisimple Lie
algebra g, the endomorphism algebra B of any projective-injective module of the parabolic BGG
category Op
λ
is a symmetric algebra (as conjectured by Khovanov) extending the results of Mazorchuk
and Stroppel for the regular dominant integral weight. Moreover, the endomorphism algebra B is
equipped with a homogeneous (non-degenerate) symmetrizing form. In the appendix, there is a short
proof due to K. Coulembier and V. Mazorchuk showing that the endomorphism algebra Bp
λ
of the basic
projective-injective module of Op
λ
is a symmetric algebra.
1. Introduction
Symmetric algebra is an important class of algebras enjoying many good properties. The purpose of
this paper is to study the symmetric structure on the endomorphism algebra of any projective-injective
(i.e. at the same time projective and injective) module in an integral block of a parabolic Bernstein-
Gelfand-Gelfand (BGG) category. In the first part of this paper we study whether the endomorphism
algebra B of the basic projective-injective module over any finite-dimensional algebra A is a symmetric
algebra. The algebra B can be equipped with a non-degenerate associative bilinear form (−,−)tr so
that B is a Frobenius algebra, see Proposition 2.11 below for the precise statement. Furthermore, every
indecomposable projective-injective module having isomorphic head and socle is a necessary condition
for the algebra B to be a symmetric algebra, see Lemma 2.4 and 2.12 below for the precise statements.
Now we assume that the head and the socle of every indecomposable projective-injective module are
isomorphic and the algebra A is positively graded. The definition of (−,−)tr mentioned above relies on
a prefixed basis of the algebra. A priori, it is unclear whether the non-degenerate associative bilinear
form (−,−)tr is symmetric or not. In order to characterize the algebra B being a symmetric algebra, we
propose a notion, called “admissible condition”, on the homogeneous bases of B. Roughly speaking, the
admissible condition are certain symmetric conditions for the multiplication of the homogeneous basis
of the algebra B. Under certain circumstances in the Z-graded setting, we show that B is a symmetric
algebra if and only if there exists an admissible basis ofB, see Corollary 3.12 below. In this case, the form
(−,−)tr is symmetric, see Proposition 3.9 below. Therefore every indecomposable projective-injective
module in each block of B having the same graded length is a necessary condition for the algebra being
a symmetric algebra. In Proposition 3.22 we show that there are some interesting classes of algebras
such that every indecomposable projective-injective module in each block of the algebra has the same
graded length.
Let g be a complex semisimple Lie algebra with a fixed Borel subalgebra b containing the Cartan
subalgebra h and p a parabolic subalgebra containing the fixed Borel subalgebra b. For a dominant
integral weight λ, let Opλ denote the subcategory of the parabolic Bernstein-Gelfand-Gelfand (BGG)
category Op[20] with respect to the parabolic subalgebra p consisting of modules whose irreducible
subquotients have highest weights belonging to the orbit of λ under the dot action of the Weyl group.
The self-dual projective modules in Op have been studied intensively in [12, 13, 14]. Note that the notion
of the self-dual projective module is the same as projective-injective module (see Lemma 4.5 below). In
those works, Irving and his collaborators attempted to speculate that every self-dual indecomposable
projective module in Opλ always has the same Loewy length and hence has the same graded length.
This speculation was proved by Mazorchuk and Stroppel for any regular dominant integral weight λ [19,
Theorem 5.2, Remark 5.3] and by Coulembier and Mazorchuk in all cases [17].
1.1. Conjecture. (Khovanov) For a dominant integral weight λ, the endomorphism algebra of each
projective-injective module in Opλ is a symmetric algebra.
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The Conjecture 1.1 was proposed by Khovanov formulated in the beginning of Section 5 of [19].
Mazorchuk and Stroppel proved the conjecture for the basic projective-injective module in Opλ and
regular dominant integral weight λ [19, Theorem 4.6] and hence the endomorphism algebra of any
projective-injective module in Opλ is a symmetric algebra. The purpose of this paper is to give a proof
of the above conjecture for the remaining case. That is, the conjecture holds for any singular dominant
integral weight λ. The main result of this paper is the following theorem.
1.2.Theorem. For any singular dominant integral weight λ, the endomorphism algebra of any projective-
injective module in Opλ is a symmetric algebra.
We sketch an outline of our proof. The result of Mazorchuk and Stroppel [19, Theorem 4.6] ensures
that there exists a symmetrizing form on the endomorphism algebra of the basic projective-injective
module in Op0 . By the general theory developed in Section 3, there exists an admissible basis for the
endomorphism algebra of the basic projective-injective module in Op0 and the attached canonical form
tr is a symmetrizing form. For a singular dominant integral weight λ, we apply the graded translation
functor to connect Op0 with O
p
λ. Then we use the crucial endomorphism θ to define a form trλ on the
endomorphism algebra of the basic projective-injective module of Opλ through the graded translation
functor and the canonical form tr. As a result, we can show with help of the technical Proposition 4.25
that trλ is a homogeneous symmetrizing form.
After a first version of the paper was submitted, Professor Volodymyr Mazorchuk sent us a short
proof of Theorem 1.2 due to Coulembier and himself. We appreciate his patience to explain their very
clever argument in the short proof to us and their kindness to allow us to include the proof as an
appendix of this paper.
The paper is organized as follows. In Section 2 we work in a general setting to study the endomorphism
algebra B of the basic projective-injective module over any finite-dimensional algebra A. We first show
in Proposition 2.11 that if the algebra A is equipped with an anti-involution fixing each simple A-module
then B is endowed with a non-degenerate form “tr” (equivalently, a non-degenerate associative bilinear
form (−,−)tr). In particular, B is a Frobenius algebra. The canonical form“tr” on B depends on
the choice of a prefixed appropriate basis (Definition 2.6) of B. In Section 3 we work in a Z-graded
setting and propose a notion of admissible basis in Definition 3.7. We show in Proposition 3.9 that the
canonical form attached to an admissible basis is always symmetric. In Corollary 3.12 we show that
under certain circumstances in a Z-graded setting B is symmetric if and only if there is an admissible
basis for B. In Proposition 3.22 we show that with certain special assumptions in the Z-graded setting
(which are satisfied in the parabolic BGG category case), all the indecomposable projective-injective
modules in any fixed block of certain finite-dimensional algebra always have the same graded length. In
Section 4 we give the proof of Theorem 1.2. The whole section is devoted to showing the existence of
the endomorphism θ and to developing some useful properties of θ described in Proposition 4.25. The
properties of θ are the main ingredients of the proof of Theorem 1.2. Finally, a short proof (due to
Coulembier and Mazorchuk) of Theorem 1.2 is in the appendix.
Notations: We let Z, Z+ and Z>0 denote the sets of all, non-negative and positive integers, respectively.
Let C denote the field of complex numbers. The identity map of a set X is denoted by idX . The image
of a function f is denoted by Im(f).
2. Endomorphism algebras of projective-injective modules
The purpose of this section is to study the endomorphism algebra of the basic projective-injective
module over any finite-dimensional algebra in a general setting.
Let A be a finite-dimensional unitalK-algebra over an algebraically closed fieldK and the category of
finite-dimensional A-modules is denoted by A-mod. Let {Lλ|λ ∈ Λ} denote a complete set of pairwise
non-isomorphic simple A-modules, where Λ is a finite index set. From our assumption that K is
algebraically closed, we have that
(2.1) EndA(L
λ) = K, for any λ ∈ Λ.
For each λ ∈ Λ, let Pλ and Iλ denote the projective cover and the injective envelope of Lλ, respectively.
For M ∈ A-mod, the socle ofM , denoted by soc(M), is the largest semisimple submodule of M and the
radical of M , denoted by rad(M), is the smallest submodule such that M/ rad(M) is semisimple. We
will call M/ rad(M), denoted by head(M), the head of M .
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We let
Λ0 := {λ ∈ Λ |P
λ is an injective module in A-mod}.
Therefore Λ0 parameterizes all the indecomposable projective-injective modules in A-mod. Henceforth,
we assume that Λ0 6= ∅. For every λ ∈ Λ0, there is a unique λ′ ∈ Λ such that Pλ ∼= Iλ
′
and soc(Pλ) ∼= Lλ
′
since Pλ is injective. It is clear that the map ′ from Λ0 to the set Λ is injective.
2.2. Definition. The module
⊕
λ∈Λ0
Pλ is called the basic projective-injective module of A-mod. We
define
(2.3) B := EndA
(⊕
λ∈Λ0
Pλ
)
=
⊕
λ,µ∈Λ0
HomA(P
λ, Pµ).
We assume that the K-algebra A is equipped with a K-linear anti-involution ∗. For each M ∈
A-mod, we define the dual module M∗ of M as follows: M∗ := HomK(M,K) as a K-vector space,
and (af)(m) := f(a∗m) for any a ∈ A, m ∈ M and f ∈ M∗. Then the anti-involution ∗ defines a
contravariant exact functor from A-mod to itself. It is clear that the functor ∗ gives an equivalence of
categories since (M∗)∗ ∼=M for all M ∈ A-mod. In particular, (Lλ)∗ is an irreducible module for every
λ ∈ Λ. Furthermore, (Iλ)∗ and (Pλ)∗, λ ∈ Λ, are the projective cover and the injective envelope of
(Lλ)∗, respectively.
2.4. Lemma. Assume that the K-algebra A is equipped with a K-linear anti-involution ∗ satisfying
(Lλ)∗ ∼= Lλ for any λ ∈ Λ. Then the map ′ defines an involution on the set Λ0. Moreover, for any
λ ∈ Λ0, we have
Pλ ∼= Iλ
′ ∼= (Pλ
′
)∗ and Pλ
′ ∼= Iλ ∼= (Pλ)∗.
Proof. Since (Lλ)∗ ∼= Lλ for any λ ∈ Λ, we have (Iλ)∗ ∼= Pλ and (Pλ)∗ ∼= Iλ. Therefore Pλ
′ ∼= (Iλ
′
)∗ ∼=
(Pλ)∗ for all λ ∈ Λ0 and hence Pλ
′
is projective and injective for every λ ∈ Λ0. It follows that λ′ ∈ Λ0
and (λ′)′ = λ for any λ ∈ Λ0 since (M∗)∗ ∼=M for allM ∈ A-mod. Thus the map ′ defines an involution
on the set Λ0. This completes the proof. 
From now on, we assume that the map ′ is an involution on Λ0 throughout this section. Thus we
have soc(Pλ
′
) = soc(Iλ) ∼= Lλ and hence HomA(Pλ, soc(Pλ
′
)) is one-dimensional by (2.1). Therefore
for each λ ∈ Λ0 the subspace of all the homomorphisms f ∈ HomA(Pλ, Pλ
′
) satisfying Im(f) = soc(Pλ
′
)
is one-dimensional. For each λ ∈ Λ0, there is a unique (up to a scalar) nonzero homomorphism
(2.5) θλ ∈ HomA(P
λ, Pλ
′
) satisfying Im(θλ) = soc(P
λ′).
We will fix a θλ for each λ ∈ Λ0.
2.6. Definition. Assume that the map ′ is an involution on Λ0. A K-basis Υ of B is said to be
appropriate if ⊔
λ,µ∈Λ0
HomA(P
λ, Pµ) ⊇ Υ ⊇ {θλ |λ ∈ Λ0}.
A K-linear map τ from a K-algebra R to K is called a form on R. The form τ induces an associative
bilinear form (−,−)τ on R defined by (f, g)τ := τ(fg) for all f, g ∈ R. Recall that a bilinear form (−,−)
on R is called associative if (fh, g) = (f, hg) for all f, g, h ∈ R. The form τ is called symmetric (resp.,
non-degenerate) if the bilinear form (−,−)τ is symmetric (resp., non-degenerate). The form τ is called
a symmetrizing form on R if the bilinear form (−,−)τ is a non-degenerate symmetric form. R is called
a symmetric algebra if R is equipped with a symmetrizing form.
Given an appropriate K-basis of B of the following form
(2.7) Υ :=
⋃
λ,µ∈Λ0
{
fλ,µj
∣∣∣ fλ,µj ∈ HomA(Pλ, Pµ), 1 ≤ j ≤ dimHomA(Pλ, Pµ)},
we define a form tr on B determined by
(2.8) tr(fλ,µj ) :=
{
1, if µ = λ′ and fλ,µj = θλ;
0, if µ 6= λ′, or µ = λ′ and fλ,µj 6= θλ.
2.9. Definition. The form tr defined in (2.8) is called the canonical form attached to the appropriate
basis Υ of B.
2.10. Lemma. Assume that the map ′ is an involution on Λ0. For λ, µ ∈ Λ0 and 0 6= f ∈ HomA(Pλ, Pµ),
there exist g ∈ HomA(Pµ, Pλ
′
) and h ∈ HomA(Pµ
′
, Pλ) such that gf = θλ and fh = θµ′ .
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Proof. Set N := f−1(soc(Pµ)). The restriction map f |N : N −→ soc(Pµ) of f on N is surjective
because the image of the nonzero homomorphism f contains soc(Pµ) ∼= Lµ
′
. Since Pµ
′
is the projective
cover of soc(Pµ) ∼= Lµ
′
and f |N is an epimorphism, we can find a homomorphism h1 : Pµ
′
→ N such
that the image of f |Nh1 is soc(Pµ
′
). Now h1 is regarded as a homomorphism from P
µ′ to Pλ and hence
fh1 = cθµ′ for some nonzero c ∈ K. Therefore we have fh = θµ′ by choosing h = c−1h1.
Dually, we setM := f(Pλ). We have a natural embedding ι :M →֒ Pµ. Since Pλ has a unique simple
head Lλ, it follows thatM has a unique simple head Lλ too. Let π :M → Pλ
′
be a homomorphism which
sends M onto the unique simple socle Lλ of Pλ
′
. Since Pλ
′
is injective, we can find a homomorphism
g1 ∈ HomA(Pµ, Pλ
′
) such that g1ι = π. Therefore g1f = πf = cθλ for some nonzero c ∈ K. Now we
take g = c−1g1, then gf = θλ as required. This completes the proof of the lemma. 
2.11. Proposition. If the map ′ is an involution on Λ0, then the bilinear form (−,−)tr induced by tr is
non-degenerate. In other words, B is a Frobenius algebra over K. In particular, if the K-algebra A is
equipped with a K-linear anti-involution ∗ satisfying (Lλ)∗ ∼= Lλ for any λ ∈ Λ, then B is a Frobenius
algebra over K.
Proof. Let f =
∑
λ,µ∈Λ0
fλ,µ be a nonzero element in B such that fλ,µ ∈ HomA(Pλ, Pµ) for all λ, µ ∈ Λ0.
Let g := fλ,µ be a nonzero component of f . By Lemma 2.10, we can find a homomorphism h : P
µ′ → Pλ
such that gh = θµ′ . Therefore we have
(f, h)tr = tr
(
(
∑
γ,β∈Λ0
fγ,β)h
)
= tr
(
(
∑
β∈Λ0
fλ,β)h
)
= tr(fλ,µh) = tr(θµ′ ) = 1 6= 0.
The third equality follows from the definition (2.8) of the form tr. The second part of the proposition
follows from Lemma 2.4. 
In general, it is not easy to determine whether the bilinear form (−,−)tr on B is symmetric or not.
The following lemma gives necessary conditions for a form to be a symmetrizing form on B.
2.12. Lemma. Assume the map ′ is an involution on Λ0. If there exists a symmetrizing form τ on B,
then we have
(i) λ′ = λ and τ(θλ) 6= 0 for all λ ∈ Λ0;
(ii) τ(f) = 0 for all f ∈ HomA(Pλ, Pµ) with λ 6= µ ∈ Λ0.
Proof. Since τ is non-degenerate, for each γ ∈ Λ0 we can find a nonzero element f =
∑
λ,µ∈Λ0
fλ,µ in
B such that (θγ , f)τ 6= 0, where fλ,µ ∈ HomA(Pλ, Pµ) for all λ, µ ∈ Λ0. Since τ(θγf) 6= 0, we have
0 6= θγf = θγ
( ∑
λ,µ∈Λ0
fλ,µ
)
= θγ
( ∑
λ∈Λ0
fλ,γ
)
= θγfγ,γ .
The last equality follows from the fact that there is no nonzero homomorphism from Pλ to θγ(P
γ) ∼= Lγ
for all λ 6= γ. Since θγfγ,γ is a nonzero homomorphism with image contained in soc(P γ
′
) ∼= Lγ , we have
θγfγ,γ = cθγ for some nonzero c ∈ K. Therefore
τ(θγ) = c
−1τ(θγfγ,γ) = c
−1τ(θγf) = c
−1(θγ , f)τ 6= 0.
Since τ is symmetric, we have
0 6= τ(θγ) = τ
(
idPγ′ θγ idPγ
)
= τ
(
idPγ idPγ′ θγ
)
.
Therefore we have γ′ = γ for all γ ∈ Λ0.
Finally, for any λ, µ ∈ Λ0 with λ 6= µ and f ∈ HomA(Pλ, Pµ), we have
τ(f) = τ
(
idPµ f idPλ
)
= τ
(
idPλ idPµ f
)
= τ(0) = 0
since τ is symmetric. This completes the proof of the lemma. 
For each A-module M , we define rad0(M) =M and define the radical filtration on M inductively by
radi(M) = rad(radi−1(M)). Note that radi(M) = (radA)iM , where rad(A) is the Jacobson radical of
A.
Note that in Lemma 2.10 we do not know whether we can choose g to be h or not in there satisfying
gf = θλ and fh = θµ. The following lemma ensures that the expectation holds if there exists a
symmetrizing form τ on B satisfying τ(θλ) = 1 for all λ ∈ Λ0.
SYMMETRIC STRUCTURE ON THE ENDOMORPHISM ALGEBRA OF PROJECTIVE-INJECTIVE MODULE 5
2.13. Proposition. Assume that the map ′ is an involution on Λ0 and there exists a symmetrizing form
τ on B such that τ(θλ) = 1 for all λ ∈ Λ0. For any nonzero f ∈ HomA(Pλ, Pµ) with λ, µ ∈ Λ0, there
exists a homomorphism g ∈ HomA(Pµ, Pλ) such that fg = θµ and gf = θλ.
Proof. By Lemma 2.12, we have λ′ = λ for all λ ∈ Λ0. By Lemma 2.10, there is a homomorphism
h ∈ HomA(P
µ, Pλ) satisfying fh 6= 0. Let s be the maximal integer such that there is a homomorphism
g ∈ HomA(Pµ, rad
s(Pλ)) satisfying fg 6= 0. We claim that fg ∈ K×θµ.
Suppose that g ∈ HomA(Pµ, rad
s(Pλ)) and fg /∈ K×θµ. Then Lµ ∼= soc(Pµ) ( Im(fg). Applying
Lemma 2.10, we can find h ∈ HomA(Pµ, Pµ) such that fgh = θµ. Since soc(Pµ) ( Im(fg), we can
deduce that h is not an isomorphism and hence h is not injective (because every injective endomorphism
of Pµ is automatically an automorphism). It follows that Im(h) ⊆ rad(Pµ). By assumption that
g ∈ HomA(Pµ, rad
s(Pλ)), we have Im(gh) ∈ rads+1(Pλ) and f(gh) 6= 0, we get a contradiction to the
maximality of s. This proves our claim.
Now we may assume that fg = θµ. Note that τ(gf) = τ(fg) = τ(θµ) 6= 0 by Lemma 2.12. It
follows that gf 6= 0. By Lemma 2.10 again we can find a homomorphism h ∈ HomA(Pλ, Pλ) such that
gfh = θλ. It follows that τ(fhg) = τ(gfh) = τ(θλ) 6= 0 by Lemma 2.12. In particular, fhg 6= 0. We
claim that h is an isomorphism. Otherwise, h is not injective (because every injective endomorphism of
Pµ is automatically an automorphism) and hence Im(h) ⊆ rad(Pλ). It follows that for all i ≥ 0,
h(radi(Pλ)) = h(radi(A)Pλ) = rad(A)ih(Pλ) ⊆ rad(A)i rad(Pλ) = radi+1(Pλ).
Then hg(Pµ) ⊆ h(rads(Pλ)) ⊆ rads+1(Pλ). We get a contradiction to our assumption because hg(Pµ) ⊆
rads+1(Pλ) and f(hg) 6= 0. This proves our claim. Therefore h is an isomorphism and gf ∈ K×θλ.
Since τ(gf) = τ(fg) and τ(θλ) = 1 for any λ ∈ Λ0, it follows that gf = θλ. 
3. Graded algebras
We are interested to find conditions ensuring that the canonical form tr attached to a given appro-
priate basis of the endomorphism algebra of any projective-injective module over any Z-graded finite-
dimensional algebra A is a symmetrizing form. In this section, we give a sufficient condition, called an
admissible condition (see Definition 3.7 below), for the appropriate basis of the endomorphism algebra
B = EndA
(⊕
λ∈Λ0
Pλ
)
(see (2.3)) of the basic projective-injective module so that the canonical form
tr attached to the basis is symmetric. For certain positively Z-graded finite-dimensional algebras A, B
is a symmetric algebra if and only if there exists an admissible K-basis of B. Moreover, the canonical
form tr attached to the admissible basis is a symmetrizing form, see Corollary 3.12 and Proposition 3.9
below.
For a field K, a graded K-vector space M means a Z-graded K-vector space M =
⊕
k∈ZMk such
that Md is a finite-dimensional K-subspace of M for each d ∈ Z. For d ∈ Z and v ∈ Md, v is
called a homogeneous element of degree d and we write deg v = d. A graded K-algebra means a
finite-dimensional associative unital K-algebra R such that R =
⊕
d∈ZRd is a graded K-vector space
satisfying RdRk ⊂ Rd+k, for all d, k ∈ Z. It follows that 1 ∈ R0. A graded K-algebra R is called
positively graded if R =
⊕
d∈Z+
Rd. A graded (left) R-module is a graded finite-dimensional K-vector
space M =
⊕
d∈ZMd such that M is an R-module and RkMd ⊂ Md+k, for all d, k ∈ Z. For a graded
K-module M and k ∈ Z, let M〈k〉 be the graded K-module obtained by shifting the grading on M up
by k. That is,M〈k〉d :=Md−k, for d ∈ Z. For graded R-modulesM and N and d ∈ Z, f ∈ HomR(M,N)
is called a homogeneous homomorphism of degree d if f(Mk) ⊂ Nd+k for all k ∈ Z. Let HomR(M,N)d
denote the subspace of HomR(M,N) consisting of homogeneous homomorphisms of degree d. Then
HomR(M,N) forms a graded K-vector space and HomR(M,N) =
⊕
d∈ZHomR(M,N)d. For graded
R-modules M and N , let
homR(M,N) := HomR(M,N)0.
and let M ≃ N denote that there is a homogeneous isomorphism of degree 0 between M and N . For
a graded K-algebra R, let R-gmod denote the category of graded finite-dimensional R-modules with
homomorphisms of degree 0. The graded length of M ∈ R-gmod is defined to be
(3.1) b− a+ 1, for M =
b⊕
i=a
Mi with Ma 6= 0 6=Mb.
In particular, the graded length of M is b+ 1 if M =
⊕b
i=0Mi with M0 6= 0 6=Mb.
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The forgetful functor R-gmod → R-mod is denoted by For. An R-module M is called gradable if
M ∼= For(N) for some N ∈ R-gmod. In this case, M is also said to have a graded lift. For any modules
M,N ∈ R-gmod and j, k ∈ Z, let σj,k denote the isomorphism of K-vector spaces
σj,k : HomR(M,N) −→ HomR(M〈j〉, N〈k〉)(3.2)
f 7→ f [j, k] := σj,k(f)
such that For(f [j, k]) = For(f) for all f ∈ HomR(M,N). We also let
f [j] := f [j, j], for f ∈ HomR(M,N) and j ∈ Z.(3.3)
Note that
σj,k(HomR(M,N)d) = HomR(M〈j〉, N〈k〉)d−j+k for all d ∈ Z.
We will adapt the notations and assumptions defined in Section 2. Recall that A is a finite-dimensional
algebra over an algebraically closed field K. In the section, we will further assume that A is a positively
graded K-algebra. Since A is positively graded, every simple module in A-gmod concentrates in a fixed
degree. Therefore every simple A-module is gradable. Recall that {Lλ|λ ∈ Λ} denotes a complete set
of pairwise non-isomorphic simple A-modules. For each λ ∈ Λ, we fix a Z-grading on Lλ by letting
it concentrated in degree 0. The resulting graded simple A-module is also denoted by Lλ. Then
{Lλ〈k〉|λ ∈ Λ, k ∈ Z} forms a complete set of pairwise non-isomorphic graded simple A-modules.
For each λ ∈ Λ, the projective cover Pλ of Lλ is gradable (see, for example, [8, Corollary 3.4]).
Note that the natural homomorphism from Pλ to Lλ is of degree 0. Therefore we can write Pλ in the
following form
(3.4) Pλ =
dλ⊕
i=0
Pλi such that P
λ
dλ
6= 0 for all λ ∈ Λ.
As a consequence, B = EndA
(⊕
λ∈Λ0
Pλ
)
is a positively graded algebra.
3.5. Lemma. Assume that the map ′ is an involution on Λ0. For λ, µ ∈ Λ0 and a nonzero f ∈
HomA(P
λ, Pµ)j, there exist g ∈ HomA(Pµ, Pλ
′
)dλ′−j and h ∈ HomA(P
µ′ , Pλ)dµ−j such that gf = θλ
and fh = θµ′ .
Proof. By Lemma 2.10, there exists g ∈ HomA(Pµ, Pλ
′
) such that gf = θλ. Write g =
∑
i gi, where
gi ∈ HomA(Pµ, Pλ
′
)i for all i. Then we have gdλ′−jf = θλ. A similar proof shows the existence of
h. 
For each λ ∈ Λ0, the homomorphism θλ defined in (2.5) is clearly a homogeneous element in B since
soc(Pλ
′
) is a graded submodule of Pλ
′
[8, Theorem 3.5]. By (3.4), the degree of θλ in B is
(3.6) deg θλ = dλ′ for every λ ∈ Λ0.
3.7. Definition. Let A be a positively graded K-algebra such that soc(Pλ) ≃ Lλ〈dλ〉 for each λ ∈ Λ0
(in particular, λ′ = λ for each λ ∈ Λ0). An appropriate basis Υ of B = EndA
(
⊕λ∈Λ0P
λ
)
consisting of
homogeneous elements in B is said to satisfy the admissible condition if for each λ, µ ∈ Λ0 and j ∈ Z
with Υ ∩ HomA(P
λ, Pµ)j 6= 0, then the following conditions hold:
(i) dµ = dλ, where dγ is defined in (3.4);
(ii) |Υ ∩ HomA(Pµ, Pλ)dλ−j| = |Υ ∩ HomA(P
λ, Pµ)j |;
(iii) for any f ∈ Υ ∩ HomA(Pλ, Pµ)j , there is exactly one element g ∈ Υ ∩ HomA(Pµ, Pλ)dλ−j
such that gf = cgfθλ, fg = cfgθµ for some cfg = cgf ∈ K×, and hf = fh = 0 for all
h ∈ Υ ∩ HomA(Pµ, Pλ)dλ−j with h 6= g.
A basis of B is called admissible if it is an appropriate basis satisfying the admissible condition.
3.8. Remark. The condition (i) means that every Pλ with λ ∈ Λ0 in the same block has the same graded
length (see the discussion above Proposition 3.22). The condition (ii) in the definition follows from the
condition (iii). The condition (iii) implies that for all f ∈ HomA(Pλ, Pµ)j , g ∈ HomA(Pµ, Pλ)dλ−j with
λ, µ ∈ Λ0 and for all j ∈ Z, we have
fg = cθµ ⇔ gf = cθλ for any fixed c ∈ K
×.
The following proposition follows easily from Remark 3.8 and the definition of the canonical form tr
attached to an admissible basis defined in (2.8).
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3.9.Proposition. Assume that A be a positively graded algebra with an admissible basis Υ. If soc(Pµ) ≃
Lµ〈dµ〉 for each µ ∈ Λ0, then the canonical form tr attached to the admissible basis Υ is a symmetrizing
form on B. In particular, B is a symmetric algebra over K.
3.10. Proposition. Assume A is a positively graded algebra and Pλdλ = soc(P
λ) ∼= Lλ〈dλ〉 for all λ ∈ Λ0.
If there exists a symmetrizing form τ on B, then there exists an admissible basis of B.
Proof. By assumption and Lemma 2.12, we have λ′ = λ and τ(θλ) 6= 0 for all λ ∈ Λ0. We may
choose θλs such that τ(θλ) = 1 for all λ ∈ Λ0. By assumption, we have Pλ =
⊕dλ
i=0 P
λ
i such that
Pλdλ = soc(P
λ) ∼= Lλ〈dλ〉 for all λ ∈ Λ0.
For λ, µ ∈ Λ0 and k ∈ Z satisfying HomA(P
λ, Pµ)k 6= 0, we claim that dλ = dµ. Let f ∈
HomA(P
λ, Pµ)k be a nonzero homomorphism. By Lemma 3.5, there exist g ∈ HomA(Pµ, Pλ)dλ−k
and h ∈ HomA(Pµ, Pλ)dµ−k such that gf = θλ and fh = θµ. Therefore τ(fg) = τ(gf) = τ(θλ) 6= 0 and
τ(hf) = τ(fh) = τ(θµ) 6= 0 by Lemma 2.12. Hence fg 6= 0 6= hf , and
dλ = deg(gf) = deg(fg) ≤ dµ, and dµ = deg(fh) = deg(hf) ≤ dλ.
This implies dλ = dµ and HomA(P
µ, Pλ)dλ−k 6= 0.
Now we will show that there are bases of HomA(P
λ, Pµ)k and HomA(P
µ, Pλ)dλ−k satisfying the
conditions (ii) and (iii) of Definition 3.7 for the case HomA(P
µ, Pλ)dλ−k 6= HomA(P
λ, Pµ)k 6= 0. By
Lemma 3.5, there is a non-degenerate pairing from HomA(P
λ, Pµ)k×HomA(Pµ, Pλ)dλ−k toKθµ defined
by (f, g) sending to fg. Then we have dim HomA(P
λ, Pµ)k = dim HomA(P
µ, Pλ)dλ−k, and a basis
{f1 · · · , fm} of HomA(Pλ, Pµ)k and a basis {g1 · · · , gm} of HomA(Pµ, Pλ)dλ−k such that figj = δijθµ
for all i, j. Since Pλdλ = soc(P
λ) and the degree of gjfi equals dµ = dλ for all i, j, we have gjfi ∈ Kθλ
for all i, j. Let gjfi = cjiθλ. Then
cji = τ(cjiθλ) = τ(gjfi) = τ(figj) = τ(δijθµ) = δij .
Therefore figj = δijθµ and gjfi = δijθλ for all i, j.
Now we consider the case HomA(P
λ, Pµ)k = HomA(P
µ, Pλ)dλ−k with HomA(P
λ, Pµ)k 6= 0. Then
we have λ = µ, k = dλ − k and a non-degenerate pairing from HomA(Pλ, Pλ)k × HomA(Pλ, Pλ)k to
Kθλ defined by (f, g) sending to fg. By some standard arguments, there is a basis {f1 · · · , fm} of
HomA(P
λ, Pλ)j such that for each j there is unique j
′ satisfying fjfj′ = θλ and fjfi = 0 for all i 6= j′.
Using the same argument as above, we have fj′fj = fjfj′ = θλ and fifj = fjfi = 0 for i 6= j′.
Taking the union of all bases obtained from above, we get an admissible basis of B. 
3.11. Remark. If A is a positively graded algebra such that A0 is a semisimple K-algebra, then the
assumption that Pλdλ = soc(P
λ) for all λ ∈ Λ0 automatically holds.
The following corollary is a consequence of Proposition 3.9 and Proposition 3.10.
3.12. Corollary. Assume A is a positively graded algebra such that Pλdλ = soc(P
λ) ≃ Lλ〈dλ〉 for each
λ ∈ Λ0. Then B is a symmetric algebra if and only if there exists an admissible K-basis of B.
3.13. Definition. Let R be a graded K-algebra. A form τ : R → K is called homogeneous if τ is a
homogeneous map, whereK is regarded as a graded vector space concentrated in degree 0. If τ :M → K
is a homogeneous form, then the associated bilinear form (−,−)τ is also called a homogeneous bilinear
form on R.
For a projective-injective A-module Q, Q is gradable and Q ≃
⊕
µ∈Λ0
(Pµ)⊕kµ for some kµ ∈ Z+
such that not all kµs are zero.
3.14. Corollary. Assume that A is a positively graded algebra and Pλdλ = soc(P
λ) ≃ Lλ〈dλ〉 for each
λ ∈ Λ0. Let Q be any projective-injective A-module. If B is a symmetric algebra over K, then EndA(Q)
is a symmetric algebra over K. Moreover, if the projective-injective A-module Q =
⊕
µ∈Λ0
(Pµ)⊕kµ such
that dµ = d for all kµ 6= 0, then there is a homogeneous symmetrizing form on EndA(Q) of degree −d.
Proof. By assumption and Lemma 2.12, we have λ′ = λ and τ(θλ) 6= 0 for all λ ∈ Λ0. By Proposition 3.10
and Proposition 3.9, there exists an admissible basis of B and tr is a symmetrizing form on B.
Let Q =
⊕
µ∈Λ0
(Pµ)⊕kµ for some kµ ∈ Z+ and let B̂ := EndA
(
Q
)
. Since Pµ is a graded A-module
for each µ ∈ Λ0, B̂ is a positively graded K-algebra. For µ ∈ Λ0 and s ∈ Z>0 such that 1 ≤ s ≤ kµ,
let (Pµ)(s) denote the s-th component of (Pµ)⊕kµ . We regard that (Pµ)(s) ⊆ (Pµ)⊕kµ ⊆ Q and
HomA
(
(Pµ)(s), (Pλ)(t)
)
⊆ B̂ in the natural way for µ, λ ∈ Λ0, 1 ≤ s ≤ kµ and 1 ≤ t ≤ kλ. For
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µ, λ ∈ Λ0, 1 ≤ s ≤ kµ and 1 ≤ t ≤ kλ, there is an isomorphism of K-vector space from HomA
(
Pµ, Pλ
)
to HomA
(
(Pµ)(s), (Pλ)(t)
)
by sending f to f (s,t) defined in the obvious way. Define a form on B̂
determined by
t̂r(f) :=
{
tr(g), if f ∈ HomA
(
(Pµ)(s), (Pλ)(t)
)
such that f = g(s,t) with s = t;
0, if f ∈ HomA
(
(Pµ)(s), (Pλ)(t)
)
with s 6= t.
It is clear that t̂r is a symmetrizing form on B̂ by Proposition 3.10, Proposition 3.9 and Remark 3.8.
Finally, it is obvious that t̂r is a homogeneous linear map on EndA(Q) of degree d if dµ = d for all
kµ 6= 0. 
For the rest of this section, we assume that A is a positively graded K-algebra equipped with a
homogeneous anti-involution ⋆ of degree 0 satisfying (Lλ)⊛ ≃ Lλ (defined below) for each λ ∈ Λ. The
dual of the graded A-module M is the graded A-module
M⊛ =
⊕
j∈Z
M⊛j , where M
⊛
j := HomK(M−j ,K),
and the action of A on M⊛ is given by (af)(m) = f(a⋆m) for all f ∈ M⊛, a ∈ A and m ∈ M . It is
clear that
(3.15) (M⊛)⊛ ≃M and (M〈k〉)⊛ ≃M⊛〈−k〉 ∀M ∈ A-gmod, k ∈ Z.
Also ⊛ gives an equivalence of categories. Recall the graded simple module Lλ ∈ A-gmod is concentrated
in degree zero. Therefore (Lλ)⊛ is a graded simple module concentrating in degree zero for every λ ∈ Λ.
The assumptions say
(3.16) (Lλ)⊛ ≃ Lλ for each λ ∈ Λ.
and hence Lλ〈k〉⊛ ≃ Lλ〈−k〉 for each λ ∈ Λ and k ∈ Z.
3.17. Lemma. Assume that A is a positively graded K-algebra equipped with a homogeneous anti-
involution ⋆ of degree 0 satisfying (Lλ)⊛ ≃ Lλ for each λ ∈ Λ. Assume further that Lλ〈dλ〉 ≃ soc(Pλ) ⊆
Pλdλ for each λ ∈ Λ0. Then we have
(3.18) (Pλ)⊛ ≃ Pλ〈−dλ〉 for each λ ∈ Λ0.
Proof. Pλdλ is a graded A-submodule of P
λ since A is positively graded. Therefore Pλdλ contains the
simple socle soc(Pλ) of Pλ. Now we show (3.18). There is an injective map g ∈ homA(Lλ〈dλ〉, Pλ) since
soc(Pλ) ⊆ Pλdλ . Therefore there is a surjective map h ∈ homA
(
(Pλ)⊛, Lλ〈−dλ〉
)
because (Lλ〈dλ〉)⊛ ≃
Lλ〈−dλ〉. Now (Pλ)⊛ ≃ Pλ〈−dλ〉 follows from the fact that For((Pλ)⊛) is a projective cover of Lλ in
A-mod. 
3.19. Definition. ([7, 16]) Let A be a finite-dimensional positively graded algebra over an algebraically
closed field K. Let C := A-gmod denote the category of graded finite-dimensional A-modules. Let ⋆ be
a homogeneous anti-involution of degree zero of A which induces a graded duality functor ⊛ on C. Let
(Λ,≤) be a finite poset and let ∆ := {∆λ|λ ∈ Λ} be a family of objects in C. The pair (C,∆) is called a
Z-graded highest weight category with a duality functor ⊛ if
(i) for each λ ∈ Λ, ∆λ has a unique simple head Lλ satisfying (Lλ)⊛ ∼= Lλ, and {Lλ〈k〉|λ ∈ Λ, k ∈
Z} is a complete set of pairwise non-isomorphic simple modules in C;
(ii) HomC(∆
λ,M) = 0 for each λ ∈ Λ implies that M = 0;
(iii) for each λ ∈ Λ, there is an indecomposable graded projective module Pλ in C and a degree 0
surjective homomorphism f : Pλ ։ ∆λ such that Ker(f) has a finite filtration whose successive
quotient are objects of the form ∆µ〈k〉 with µ > λ and k ∈ Z;
(iv) for each λ ∈ Λ, we have EndC(∆λ) ∼= K;
(v) for each λ, µ ∈ Λ such that HomC(∆λ,∆µ) 6= 0, we have λ ≤ µ.
Let v be an indeterminate over Z. For M ∈ A-gmod and a graded simple A-module L, the graded
dimension of M is the Laurent polynomial
(3.20) dimvM :=
∑
d∈Z
(dimK Md) v
d,
and the graded multiplicity of L in M is the Laurent polynomial
(3.21) [M : L]v :=
∑
k∈Z
[M : L〈k〉]vk.
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For any λ, µ ∈ Λ, the graded Cartan matrix cλ,µ(v) is defined by
cλ,µ(v) := dimv HomA(P
µ, Pλ) =
∑
k∈Z
[Pλ : Lµ〈k〉]vk.
Every finite-dimensionalK-algebraR has a unique decomposition into a direct sum of indecomposable
blocks. A block ofRmeans an indecomposable two-sided ideal ofR. It is well known that the equivalence
relation on the simple R-modules induced from the block decomposition of R, where two simples are
equivalent if they belong to the same block, coincides with the linkage classes of simple R-modules,
where the equivalence relation is generated by Lλ ∼ Lµ if Ext1(Lλ, Lµ) 6= 0 or Ext1(Lµ, Lλ) 6= 0, where
Lλ and Lµ are simple R-modules. Also the linkage classes of simple R-modules coincides with the
equivalence relation generated by Lλ ∼ Lµ if HomR(Pλ, Pµ) 6= 0 or HomR(Pµ, Pλ) 6= 0, where Pλ and
Pµ are the projective covers of the simple R-modules Lλ and Lµ, respectively. We also let Hom−R(U, V )
denote the K-vector space of R-homomorphisms from the right R-module U to the right R-module V .
3.22. Proposition. Let A be a positively graded algebra equipped with a homogeneous anti-involution ⋆
of degree 0 such that soc(Pλ) ≃ Lλ〈dλ〉 for all λ ∈ Λ0. Assume that either (A, ⋆) is a Z-graded cellular
algebra in the sense of [9] or (A-gmod,⊛) is a Z-graded highest weight category with a duality functor.
If there is a homogeneous idempotent e ∈ A of degree zero satisfying Ae ≃ ⊕λ∈Λ0P
λ and e⋆ = e, and
there is a double centralizer property between A and Bo :=
(
EndA(Ae)
)op
on Ae (i.e., the canonical
map A→ End−Bo(Ae) is an isomorphism), then dλ = dµ for any λ, µ ∈ Λ0 such that Lλ and Lµ belong
to the same block.
Proof. We will follow the definitions from [10, 16] closely in the proof of the proposition. Note that
Bo ≃ eAe since e is a homogeneous idempotent of degree zero. Let B′ = eAe, and let A =
⊕m
i=1 Ai
and B′ =
⊕n
j=1 B
′
j be the decompositions of A and B
′ into indecomposable blocks, respectively. Let
e1, · · · , em be the block idempotents of A. Let F : A-mod → Bo-mod be the Schur functor defined by:
F (M) := eM , F (f) : ev 7→ ef(v), for all M,N ∈ A-mod, f ∈ HomA(M,N), v ∈ M . We first show that
F induces a bijection between the indecomposable blocks of A and B′. The proof is the same as [10,
Corollary 2.19]. For completeness, we include it here.
First we will show m = n. Let Q := Ae and Qj := ejQ, for 1 ≤ j ≤ m. Since A ≃ End−B′(Ae), Ae
is a faithful left A-module. Then Qr 6= 0 for 1 ≤ r ≤ m, so Q =
⊕m
i=1Qi is the decomposition of Q
into its block components. In particular, HomA(Qr, Qs) = 0 if r 6= s. Therefore, Bo = EndA(Q)op ≃⊕m
i=1 EndA(Qi)
op is a decomposition of Bo into (not necessarily indecomposable) blocks. In particular,
n ≥ m.
On the other hand, the assumption that e⋆ = e and the isomorphism A ≃ End−B′(Ae) imply that
the canonical map
(3.23) Aop → EndB′(eA).
is an isomorphism too, which implies the Schur functor F is fully faithful on projectives. This means
(3.24) HomA(P
λ, Pµ) ≃ HomB′(eP
λ, ePµ) for all λ, µ ∈ Λ.
In particular, Y λ := ePλ is an indecomposable B′-module for all λ ∈ Λ. Note that {F (Lλ) |λ ∈ Λ0}
is a complete list of non-isomorphic simple B′-modules and Y λ is the projective cover of simple B′-
module F (Lλ) for all λ ∈ Λ0. For λ, µ ∈ Λ0 such that Lλ and Lµ belong to the same block of A,
there exists a sequence λ = γ1, γ2, · · · , γl = µ of elements in Λ such that HomA(P γj , P γj+1) 6= 0 or
HomA(P
γj+1 , P γj ) 6= 0 for all 1 ≤ j ≤ l − 1 from the discussion above this proposition. Since Y γ are
indecomposable B′-modules for all γ ∈ Λ, Y γj and Y γj+1 are in the same block of B′ for all 1 ≤ j ≤ l−1
by (3.24). Therefore F (Lλ) and F (Lµ) belong to the same block of B′. This implies n ≤ m and hence
m = n. Also we obtain that the functor F induces a bijection between the indecomposable blocks of A
and B′.
Let λ, µ ∈ Λ0 such that Pλ and Pµ belong to the same block of A. Now we are going to show
that dλ = dµ. From above, the projective modules Y
λ and Y µ belong to the same block of B′. From
the discussion above this proposition, there exists a sequence λ = γ1, γ2, · · · , γl = µ of elements in
Λ0 such that HomB′(Y
γj , Y γj+1) 6= 0 or HomB′(Y γj+1 , Y γj ) 6= 0 for all 1 ≤ j ≤ l − 1 since {Y λ|λ ∈
Λ0} is a complete set of non-isomorphic indecomposable projective Bo-modules. By (3.24), we have
HomA(P
γj , P γj+1) 6= 0 or HomA(P
γj+1 , P γj ) 6= 0 for all 1 ≤ j ≤ l − 1. To show that dλ = dµ, it
suffices to show that dλj = dλj−1 for all 1 ≤ j ≤ l − 1. Therefore it is enough to show dλ = dµ when
HomA(P
µ, Pλ) 6= 0 and λ, µ ∈ Λ0.
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In the case that (A, ⋆) is a Z-graded cellular algebra in the sense of [9], by [9, Theorem 2.17], we have
cλ,µ(v) =
∑
γ∈Λ
[Cγ : Lλ]v[C
γ : Lµ]v = cµ,λ(v), for all µ, λ ∈ Λ,
where Cγ is the Z-graded cell module associated to γ ∈ Λ and [Cγ : Lλ]v defined in (3.21) is the graded
multiplicities of Lλ in the graded module Cγ .
Now we assume that (A-gmod,⊛) is a Z-graded highest weight category with a duality functor ⊛
induced from ⋆. Then we have (3.15) and (3.16). By [16, Corollary 2.16], we have that
(Pλ : ∆γ)v = [∆
γ : Lλ]v, ∀ γ, λ ∈ Λ,
where (Pλ : ∆γ)v is defined similar to (3.21) to be the graded filtration multiplicities of ∆
γ in Pλ. It
follows that
cλ,µ(v) =
∑
γ
(Pλ : ∆γ)v[∆
γ : Lµ]v =
∑
γ
[∆γ : Lλ]v[∆
γ : Lµ]v = cµ,λ(v), for all µ, λ ∈ Λ.
Therefore, in both cases, we have cλ,µ(v) = cµ,λ(v) for all µ, λ ∈ Λ. On the other hand, we have by
(3.18) that
cλ,µ(v) = dimv HomA(P
µ, Pλ) = dimv HomA
(
(Pλ)⊛, (Pµ)⊛
)
= dimv HomA(P
λ〈−dλ〉, P
µ〈−dµ〉)
= v−dµ+dλ dimv HomA(P
λ, Pµ) = v−dµ+dλcµ,λ(v) = v
−dµ+dλcλ,µ(v),
By assumption that cλ,µ(v) 6= 0, thus we can deduce that vdµ−dλ = 1 and hence dµ = dλ as required. 
4. Parabolic BGG category and the proof of Theorem 1.2
In this section, we shall study the endomorphism algebra of any projective-injective module in para-
bolic BGG category Op over the field C of complex numbers. After recalling some preliminarily results
on parabolic BGG category Op, we give a proof of Theorem 1.2. One of the key ingredient of the proof
of Theorem 1.2 is Proposition 4.25.
Let g be a complex semisimple Lie algebra with a fixed Borel subalgebra b containing the Cartan
subalgebra h and let O denote the corresponding Bernstein-Gelfand-Gelfand (BGG) category [11]. Let
Φ be the root system of g relative to h, ∆ the set of simple roots in Φ corresponding to b and Φ+ the set
of positive roots in Φ. Let W be the Weyl group of g attached to the root system Φ. An element λ ∈ h∗
is called a weight of g. For any weight λ ∈ h∗ and w ∈ W , we define w · λ := w(λ + ρ) − ρ, where ρ is
the half-sum of positive roots in Φ. For any λ ∈ h∗, let L(λ) ∈ O denote the irreducible highest weight
module with highest weight λ. A weight λ ∈ h∗ is said to be integral (resp. dominant) if 〈λ, α∨〉 ∈ Z
(resp. 〈λ+ ρ, α∨〉 ≥ 0) for any α ∈ ∆, where α∨ denotes the coroot of α. A dominant integral weight λ
is called regular if 〈λ+ ρ, α∨〉 > 0 for any α ∈ ∆, otherwise λ is called singular. Let Λ denote the set of
integral weights of g.
Let I ⊂ ∆ be a subset of ∆ which defines a root system ΦI ⊂ Φ with positive roots Φ
+
I ⊂ Φ
+ and
negative roots Φ−I ⊂ Φ
− and let WI be the Weyl group generated by all sα with α ∈ I. Associated with
the root system ΦI we have the standard parabolic subalgebra p := pI ⊇ b which has a Levi decomposi-
tion pI = lI ⊕ uI , where lI := h
⊕⊕
α∈ΦI
gα is the Levi subalgebra of p and uI :=
⊕
α∈Φ+\Φ+I
gα is the
nilradical of p. We define Λ+p := {λ ∈ Λ|〈λ, α
∨〉 ≥ 0, for all α ∈ I}. Let Op denote the corresponding
parabolic BGG category [20]. For each λ ∈ Λ, L(λ) lies in Op if and only if λ ∈ Λ+p . For each λ ∈ Λ, let
Oλ denote the subcategory of O whose composition factors are all of the form L(w · λ) for some w ∈ W
and let Opλ := Oλ
⋂
Op. For λ ∈ Λ+p , let ∆(λ) denote the parabolic Verma module with highest weight
λ and P (λ) denote the projective cover of L(λ) in Op.
For any dominant integral weight ψ, let Wψ := {w ∈ W |w · ψ = ψ} denote the stabiliser of ψ in the
Weyl group W , let Wψ denote the set of maximal length left coset representatives of Wψ in W and let
W˚ψ := {w ∈Wψ |w · ψ ∈ Λ+p }.
The simple modules L(µ) in Opψ are parameterized by µ ∈ W˚
ψ · ψ. Let (−)∗ denote the dual functor
on the BGG category O. The dual functor (−)∗ on O descending to the parabolic BGG category Op is
also denoted by (−)∗ (see, for example, [11, Section 3.2], in which (−)∗ is denoted by “(−)∨”). Recall
that a module M is called self-dual if M∗ is isomorphic to M . Note that L(µ)∗ ∼= L(µ) for all µ ∈ Λ+p .
That is, every simple module in Op is self-dual.
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Let λ denote a fixed dominant integral weight. Let T λ0 : O0 → Oλ and T
0
λ : Oλ → O0 be the
two translation functors defined by T λ0 (−) := prλ(E ⊗ −) and T
0
λ(−) := pr0(F ⊗ −) [15] (see also [11,
Chapter 7], [3]), where E is a finite-dimensional irreducible g-module with extremal weight λ, prλ is
the projection from O onto the block Oλ, F is a finite-dimensional irreducible g-module with extremal
weight −λ and pr0 is the projection from O onto the block O0. The functors T
λ
0 and T
0
λ descend to the
functors T λ0 : O
p
0 → O
p
λ and T
0
λ : O
p
λ → O
p
0 on the parabolic categories. Here and after, the functors T
λ
0
and T 0λ stand for the functors on the parabolic categories. The following lemma is a collection of some
well-known results of the translation functors on the parabolic categories (see, for example, [3, Lemma
2.5, 2.6], [11, Pages 130, 140, 143, 186, 192]).
4.1. Lemma. For a dominant integral weight λ, we have the following:
(i) T λ0 : O
p
0 → O
p
λ and T
0
λ : O
p
λ → O
p
0 are exact functors adjoint to each other. Moreover, for any
M,N ∈ Opλ and f ∈ HomO(M,N), we have
T λ0 T
0
λ(M)
∼=M ⊕ · · · ⊕M︸ ︷︷ ︸
|Wλ| copies
, T λ0 T
0
λ(f)
∼= f ⊕ · · · ⊕ f︸ ︷︷ ︸
|Wλ| copies
.
(ii) For w ∈W with w · 0 ∈ Λ+p , we have
T λ0 (L(w · 0))
∼=
{
L(w · λ), if w ∈ W˚λ;
0, if w /∈ W˚λ.
(iii) T λ0 and T
0
λ send projectives to projectives. Moreover, if w ∈ W˚
λ, then T 0λ(P (w · λ)) = P (w · 0).
(iv) T λ0 and T
0
λ commute with the dual functor (−)
∗.
4.2. Lemma. For w ∈ W˚λ, T 0λ(L(w · λ)) is self-dual with a simple head isomorphic to L(w · 0) and a
simple socle isomorphic to L(w · 0). Moreover, we have
[T 0λ(L(w · λ)) : L(y · 0)] = δy,w|Wλ|, for any y ∈ W˚
λ.
Proof. By Lemma 4.1 (i) and (ii), for any y ∈W with y · 0 ∈ Λ+p , we have,
HomO(T
0
λ(L(w · λ)), L(y · 0)) ∼= HomO(L(w · λ), T
λ
0 (L(y · 0)))
∼=
{
HomO(L(w · λ), L(y · λ)) ∼= δy,wC, if y ∈ W˚λ;
0, if y /∈ W˚λ,
= δy,wC.
This proves that T 0λ(L(w · λ)) has a simple head isomorphic to L(w · 0). Since
(
T 0λ(L(w · λ))
)∗ ∼=
T 0λ(L(w · λ)
∗) ∼= T 0λ(L(w · λ)), T
0
λ(L(w · λ)) is self-dual with a simple socle isomorphic to L(w · 0).
Finally, by Lemma 4.1 (i) and (ii), for any y ∈ W˚λ satisfying [T 0λ(L(w · λ)) : L(y · 0)] 6= 0, we have
L(y · λ) ∼= T λ0 (L(y · 0)) and hence
[T λ0 (T
0
λ(L(w · λ)) : L(y · λ)] = [T
0
λ(L(w · λ) : L(y · 0)].
By Lemma 4.1 (i) again, we get that y = w and [T 0λ(L(w · λ)) : L(w · 0)] = |Wλ|. 
4.3. Remark. A graded version of Lemma 4.2 is given in Lemma 4.18 below.
4.4. Definition. For γ ∈ Λ+p , λ is said to be socular if L(γ) lies in the socle of a parabolic Verma module
∆(µ) for some µ ∈ Λ+p .
4.5. Lemma. ([12, Addendum]) For γ ∈ Λ+p , P (γ) is injective if and only if γ is socular. In this case,
P (γ) is a tilting module and in particular it is self-dual.
Lemma 4.5 implies that each Opψ contains a projective-injective module for any dominant integral
weight ψ.
4.6. Lemma. Let w ∈ W˚λ. If w · λ is socular, then w · 0 is socular too.
Proof. We first show that w · 0 ∈ Λ+p . To this end, it suffices to show that w
−1(α) ∈ Φ+ for any α ∈ I.
By assumption, we have w · λ ∈ Λ+p and hence
〈λ+ ρ, w−1(α)∨〉 = 〈λ+ ρ, w−1(α∨)〉 = 〈w(λ + ρ), α∨〉 ≥ 〈ρ, α∨〉 = 1, ∀α ∈ I.
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Since λ is dominant, we can deduce from the above inequality that w−1(α) ∈ Φ+ as required. This
proves that w · 0 ∈ Λ+p .
By assumption that w·λ is socular, it follows that P (w·λ) is self-dual and hence P (w·0) ∼= T 0λ(P (w·λ))
is also self-dual. Therefore w · 0 is a socular weight. 
4.7. Definition. For a dominant integral weight ψ, we set
(4.8) Λψ0 :=
{
µ ∈ W˚ψ · ψ
∣∣ µ is socular} and Wˇψ := {w ∈ W˚ψ ∣∣ w · ψ is socular}.
It is clear that the map w 7→ w · ψ defines a bijection between Wˇψ and Λψ0 . Note that Wˇ
0 = {w ∈
W
∣∣ w · 0 ∈ Λ+p and w · 0 is socular}. It follows from Lemma 4.6 that
(4.9) Wˇλ ⊂ Wˇ 0.
4.10. Definition. For a dominant integral weight ψ, we define the basic algebra of the category Opψ by
Ap(ψ) :=
(
EndOp
(
⊕µ∈W˚ψ·ψP (µ)
))op
.
The functor Fψ := HomOp
(
⊕µ∈W˚ψ ·ψP (µ),−
)
gives the equivalence of categories
(4.11) Fψ : Opψ
∼= Ap(ψ)-mod.
4.12. Definition. Let ψ be a dominant integral weight. For each µ ∈ W˚ψ · ψ, we define
Lµ
♭
:= Fψ(L(µ)), ∆µ
♭
:= Fψ(∆(µ)), Pµ
♭
:= Fψ(P (µ)).
By [5, Theorem 1.1.3] and [3, Theorem 1.1] (see also [21, Section 8.1, 8.2, and 8.4]), Ap(ψ) can be
endowed with a Koszul Z-grading. Let A˜p(ψ) denote the algebra Ap(ψ) equipped with the Koszul Z-
grading. Hence A˜p(ψ) is a positively graded C-algebra with A˜p(ψ)0 spanned by orthogonal idempotents.
In particular, simple and projective Ap(ψ)-modules have graded lifts and every simple A˜p(ψ)-module is
one-dimensional concentrated in a fixed degree. For each µ ∈ W˚ψ ·ψ, let L˜µ♭ be the graded lift of simple
module Lµ♭ concentrated in degree 0 and let
(4.13) P˜µ♭ =
dµ∑
j=0
(P˜µ♭ )j with (P˜
µ
♭ )dµ 6= 0
be the graded lift of the projective module Pµ
♭
such that the natural projection from P˜µ
♭
to L˜µ
♭
is a
homogeneous homomorphism of degree 0.
Let λ be a dominant integral weight. By [5, Theorem 1.1.3, Proposition 2.4.1] and [3, Theorem 1.1],
A˜p(λ) is Koszul and each indecomposable projective-injective module P is rigid in the sense that both
the radical filtration and the socle filtration of P coincide with its grading filtration up to a shift of
grading. In particular, the graded length of any indecomposable projective-injective module P is the
same as its Loewy length. By Corollary 3.12, the following proposition obtained by Coulembier and
Mazorchuk provides a necessary condition for the existence of a homogeneous symmetrizing form on the
endomorphism algebra Bp0 (see Definition 4.20 below).
4.14. Proposition. [17](cf. [19, Theorem 5.2, Remark 5.3]) Every indecomposable projective-injective
module of A˜p(λ) has the same graded length and hence the same Loewy length.
4.15. Remark. Note that a (weaker) block version of the above proposition is a consequence of Propo-
sition 3.22. We sketch a proof as follows. It is well known that A˜p(λ)-gmod is a Z-graded highest
weight category with a duality functor. The double centralizer property in the assumptions of Propo-
sition 3.22 holds for the graded algebra A˜p(λ) by [22, Theorem 10.1] and [19, Examples 2.7 (2)]. Now
all assumptions of Proposition 3.22 are satisfied and hence the block version of the proposition above
follows.
Using the categorical equivalences given in (4.11), we shall simply regard the functors T λ0 , T
0
λ as
the functors between Ap(0)-mod and Ap(λ)-mod without further explanation. Applying [3, the fourth
paragraph in Page 147], both the functors T 0λ and T
λ
0 have graded lifts, i.e., we have graded translation
functors:
T˜ 0λ : A˜
p(λ)-gmod→ A˜p(0)-gmod and T˜ λ0 : A˜
p(0)-gmod→ A˜p(λ)-gmod .
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Moreover, T˜ λ0 is a right adjoint functor of T˜
0
λ and
(4.16) T˜ λ0
(
L˜w·0♭
)
≃ L˜w·λ♭ for all w ∈ W˚
λ.
Recall that M ≃ N defined in Section 3 denotes that there is a homogeneous isomorphism of degree 0
between graded modules M and N . Therefore we have, for all w, y ∈ W˚λ and k ∈ Z,
homA˜p(0)
(
T˜ 0λ(P˜
w·λ
♭ ), L˜
y·0
♭ 〈k〉
)
∼= homA˜p(λ)
(
P˜w·λ♭ , T˜
λ
0 (L˜
y·0
♭ )〈k〉
)
∼= homA˜p(λ)
(
P˜w·λ♭ , L˜
y·λ
♭ 〈k〉
)
∼= δk,0δw,yC
and hence
(4.17) T˜ 0λ(P˜
w·λ
♭ ) ≃ P˜
w·0
♭ for all w ∈ W˚
λ.
The following lemma is a graded version of Lemma 4.2. Note that dµ is defined in (4.13).
4.18. Lemma. For w ∈ Wˇλ, we have
(i) head(T˜ 0λ
(
L˜w·λ♭
)
) ≃ L˜w·0♭ , soc(T˜
0
λ
(
L˜w·λ♭
)
) ≃ L˜w·0♭ 〈dw·0 − dw·λ〉;
(ii) T˜ 0λ
(
L˜w·λ♭
)
is rigid, and both the radical filtration and the socle filtration of T˜ 0λ
(
L˜w·λ♭
)
coincide with
its grading filtration (up to a grading shift), and the graded length of T˜ 0λ
(
L˜w·λ♭
)
is dw·0−dw·λ+1.
In particular, dw·0 ≥ dw·λ;
(iii)
[
T˜ 0λ
(
L˜w·λ♭
)
: L˜w·0♭ 〈k〉
]
6= 0 only if 0 ≤ k ≤ dw·0 − dw·λ. Moreover,[
T˜ 0λ
(
L˜w·λ♭
)
: L˜w·0♭
]
= 1 =
[
T˜ 0λ
(
L˜w·λ♭
)
: L˜w·0♭ 〈dw·0 − dw·λ〉
]
.
Proof. Applying Lemma 4.2, we see that head(T 0λ
(
Lw·λ♭
)
) ∼= Lw·0♭ and soc(T
0
λ
(
Lw·λ♭
)
) ∼= Lw·0♭ . Now the
degree 0 surjection P˜w·λ♭ ։ L˜
w·λ
♭ naturally induces a degree 0 surjection P˜
w·0
♭ ≃ T˜
0
λ
(
P˜w·λ♭
)
։ T˜ 0λ
(
L˜w·λ♭
)
,
which implies that head(T˜ 0λ
(
L˜w·λ♭
)
) ≃ L˜w·0♭ . Similarly, the degree 0 embedding L˜
w·λ
♭ 〈dw·λ〉 →֒ P˜
w·λ
♭
naturally induces a degree 0 embedding
T˜ 0λ
(
L˜w·λ♭
)
〈dw·λ〉 = T˜
0
λ
(
L˜w·λ♭ 〈dw·λ〉
)
→֒ T˜ 0λ
(
P˜w·λ♭
)
≃ P˜w·0♭ .
Since soc(P˜w·0♭ ) = L˜
w·0
♭ 〈dw·0〉, it follows that soc(T˜
0
λ
(
L˜w·λ♭
)
) ≃ L˜w·0♭ 〈dw·0 − dw·λ〉 as required. This
proves (i).
From above, T˜ 0λ
(
L˜w·λ♭
)
has a unique simple head as well as a unique simple socle, we see that (ii)
follows from [5, Proposition 2.4.1], the fact that A˜p(0) is Koszul ([5, Theorem 1.1.3]) and (i). Finally,
(iii) follows from (ii) and (i). 
The following Lemma is a consequence of Lemma 4.18, Lemma 4.1(i), (ii) and (4.16).
4.19. Lemma. For w ∈ Wˇλ, there exist a sequence of integers 0 = aw1 < a
w
2 ≤ · · · ≤ a
w
|Wλ|−1
< aw|Wλ| =
dw·0 − dw·λ such that
T˜ λ0 T˜
0
λ(L˜
w·λ
♭ ) ≃
|Wλ|⊕
j=1
L˜w·λ♭ 〈a
w
j 〉 and T˜
λ
0 (P˜
w·0
♭ ) ≃ T˜
λ
0 T˜
0
λ(P˜
w·λ
♭ ) ≃
|Wλ|⊕
j=1
P˜w·λ♭ 〈a
w
j 〉.
4.20. Definition. For a dominant integral weight ψ, the endomorphism algebra of the basic projective-
injective module of Opψ is denoted by
Bpψ := EndA˜p(ψ)
(
⊕w∈Wˇψ P˜
w·ψ
♭
)
.
It is clear that Bpψ is a positively graded C-algebra.
Since Bp0 is a symmetric algebra over C [19, Theorem 4.6], there are an admissible basis B and the
canonical symmetrizing form tr attached to B on Bp0 by Corollary 3.12 and Proposition 3.9. For each
w ∈ Wˇ 0, there is a unique endomorphism θw·0 ∈ B ∩ EndA˜p(0)(P˜
w·0
♭ )dw·0 . Note that θw·0(P˜
w·0
♭ ) =
soc(P˜w·0♭ ) ≃ L˜
w·0
♭ 〈dw·0〉. We may assume that tr(θw·0) = 1 for all w ∈ Wˇ
0.
Recall that Wˇλ ⊂ Wˇ 0 by (4.9). From now on, we will fix an isomorphism T˜ λ0 (P˜
w·0
♭ ) ≃
⊕|Wλ|
j=1 P˜
w·λ
j
for each w ∈ Wˇλ obtained in Lemma 4.19, where P˜w·λj := P˜
w·λ
♭ 〈a
w
j 〉 for all 1 ≤ j ≤ |Wλ|. For w ∈ Wˇ
λ,
we will use the matrix notations to write any element in HomA˜p(λ)(
⊕|Wλ|
j=1 P˜
w·λ
j ,
⊕|Wλ|
j=1 P˜
w·λ
j ) in the
form of ∑
1≤i,j≤|Wλ|
hji, where hji ∈ HomA˜p(λ)(P˜
w·λ
j , P˜
w·λ
i ).
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Therefore every element in EndA˜p(λ)(
⊕|Wλ|
j=1 P˜
w·λ
j ) can be written in the form
(4.21)
∑
1≤i,j≤|Wλ|
gji[a
w
i ]π
w
ji,
where gji ∈ EndA˜p(λ)(P˜
w·λ
♭ ) and π
w
ji := idP˜w·λ
♭
[awj , a
w
i ], where idP˜w·λ
♭
is the identity map on P˜w·λ♭ , and
f [j, i] and f [i] are defined in (3.2) and (3.3) for a homogeneous homomorphism f between graded
modules. In other words, πwji is a homogeneous homomorphism from P˜
w·λ
j onto P˜
w·λ
i of degree a
w
i − a
w
j
such that For(πwji) is the identity map on P
w·λ
♭ for all i, j.
Since deg(θw·0) = dw·0 for w ∈ Wˇλ, we have deg(T˜ λ0 (θw·0)) = dw·0 and hence
(4.22) T˜ λ0 (θw·0) = θw·λ[dw·0 − dw·λ]π
w
1,|Wλ|
by Lemma 4.19 and the fact that 0 ≤ deg f ≤ dw·λ for any homogeneous map f ∈ EndA˜p(λ)(P
w·λ
♭ ),
where θw·λ ∈ EndA˜p(λ)(P˜
w·λ
♭ )dw·λ satisfies θw·λ(P˜
w·λ
♭ ) = soc(P˜
w·λ
♭ ). The θw·λs defined from above play
crucial roles for the rest of the paper.
By [19, Theorem 4.6], Bp0 is a symmetric algebra over C. By Proposition 3.10, for every w ∈ Wˇ
λ
there is a homogeneous homomorphism θw ∈ EndA˜p(0)(P˜
w·0
♭ )dw·0−dw·λ such that
(4.23) θwT˜
0
λ(θw·λ) = θw·0 = T˜
0
λ(θw·λ)θw.
Let
θ :=
∑
w∈Wˇλ
θw.
4.24. Lemma. For each w ∈ Wˇλ, we can write
T˜ λ0 (θw) =
∑
1≤i,j≤|Wλ|
qwji[a
w
i ]π
w
ji,
where qwji ∈ EndA˜p(λ)(P˜
w·λ
♭ ) such that deg(q
w
ji) > 0 or q
w
ji = 0 for all (j, i) 6= (1, |Wλ|) and q
w
1,|Wλ|
is the
identity map.
Proof. For each w ∈ Wˇλ, we can write
T˜ λ0 (θw) =
∑
1≤i,j≤|Wλ|
qwji[a
w
i ]π
w
ji,
where qwji ∈ EndA˜p(λ)(P˜
w·λ
♭ ) for all i, j by (4.21). Note that T˜
λ
0 T˜
0
λ(θw·λ) =
∑
1≤j≤|Wλ|
θw·λ[a
w
j ] by
Lemma 4.1 and Lemma 4.19. By (4.22) and (4.23), we have
θw·λ[dw·0 − dw·λ]π
w
1,|Wλ|
= T˜ λ0 (θw·0)
= T˜ λ0 T˜
0
λ(θw·λ)T˜
λ
0 (θw)
=
∑
1≤j≤|Wλ|
θw·λ[a
w
j ]
∑
1≤i,j≤|Wλ|
qwji[a
w
i ]π
w
ji
=
∑
1≤i,j≤|Wλ|
θw·λ[a
w
i ]q
w
ji[a
w
i ]π
w
ji
=
∑
1≤i,j≤|Wλ|
(θw·λq
w
ji)[a
w
i ]π
w
ji.
Therefore (θw·λq
w
ji)[a
w
i ] = 0 for all (j, i) 6= (1, |Wλ|) and (θw·λq
w
ji)[a
w
i ] = θw·λ[dw·0 − dw·λ] for (j, i) =
(1, |Wλ|). Hence deg(q
w
ji) > 0 or q
w
ji = 0 for all (j, i) 6= (1, |Wλ|) and q
w
1,|Wλ|
is the identity map. 
The following proposition will play a key role in the proof of Theorem 1.2.
4.25. Proposition. For w, y ∈ Wˇλ, we have
(4.26) T˜ 0λ(f)T˜
0
λ(h)θy = T˜
0
λ(f)θwT˜
0
λ(h),
for all f ∈ HomA˜p(λ)
(
P˜w·λ♭ , P˜
y·λ
♭
)
k
, h ∈ HomA˜p(λ)
(
P˜ y·λ♭ , P˜
w·λ
♭
)
dy·λ−k
and k ∈ Z.
Moreover, if HomA˜p(λ)
(
P˜w·λ♭ , P˜
y·λ
♭
)
6= 0, then dw·λ = dy·λ.
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Proof. We first show T˜ λ0
(
T˜ 0λ(f)T˜
0
λ(h)θy
)
and T˜ λ0
(
T˜ 0λ(f)θwT˜
0
λ(h)
)
are equal. By Lemma 4.24, we have
T˜ λ0 (θy) =
∑
1≤i,j≤|Wλ|
qyji[a
y
i ]π
y
ji and
T˜ λ0
(
T˜ 0λ(f)T˜
0
λ(h)θy
)
= T˜ λ0 T˜
0
λ(fh)T˜
λ
0 (θy)
=
( ∑
1≤i≤|Wλ|
(fh)[ayi ]
)( ∑
1≤i,j≤|Wλ|
qyji[a
y
i ]π
y
ji
)
=
∑
1≤i,j≤|Wλ|
(fhqyji)[a
y
i ]π
y
ji
= (fhqy1,|Wλ|)[a
y
|Wλ|
]πy1,|Wλ|
= (fh)[ay|Wλ|]π
y
1,|Wλ|
.
The second equality follows from Lemma 4.1(i) and Lemma 4.19, the fourth equality follows from
fhqyji = 0 for all (j, i) 6= (1, |Wλ|) because deg(fhq
y
ji) > dy·λ for all (j, i) 6= (1, |Wλ|) by Lemma 4.24 and
the assumptions, the final equality follows from qy1,|Wλ| is the identity map by Lemma 4.24. Similarly,
T˜ λ0
(
T˜ 0λ(f)θwT˜
0
λ(h)
)
=
( ∑
1≤i≤|Wλ|
f [awi , a
y
i ]
)( ∑
1≤i,j≤|Wλ|
qwji[a
w
i ]π
w
ji
)( ∑
1≤j≤|Wλ|
h[ayj , a
w
j ]
)
=
∑
1≤i,j≤|Wλ|
f [awi , a
y
i ]q
w
ji[a
w
i ]π
w
jih[a
y
j , a
w
j ]
= f [aw|Wλ|, a
y
|Wλ|
]qw1,|Wλ|[a
w
|Wλ|
]πw1,|Wλ|h[0, 0]
= f [aw|Wλ|, a
y
|Wλ|
]πw1,|Wλ|h[0, 0]
= (fh)[ay|Wλ|]π
y
1,|Wλ|
.
The first equality follows from Lemma 4.1(i), Lemma 4.19, Lemma 4.24 and the assumptions, the third
equality follows from fqwjih = 0 for all (j, i) 6= (1, |Wλ|) because deg(fq
w
jih) > dy·λ for all (j, i) 6= (1, |Wλ|)
by Lemma 4.24, the fourth equality follows from qw1,|Wλ| is the identity map by Lemma 4.24 and the final
equality follows from For(πy1,|Wλ|) = idPy·λ♭
and For(πw1,|Wλ|) = idPw·λ♭
. Therefore T˜ λ0
(
T˜ 0λ(f)T˜
0
λ(h)θy
)
and T˜ λ0
(
T˜ 0λ(f)θwT˜
0
λ(h)
)
are equal.
Now we claim that T˜ 0λ(f)θwT˜
0
λ(h) ∈ Cθy·0. Otherwise, the head and the socle of the image of
For
(
T˜ 0λ(f)θwT˜
0
λ(h)
)
are isomorphic to Lw·0♭ such that they are not equal. We get a contradiction, by
using Lemma 4.1(ii), to the result from computation above that the image of T˜ λ0
(
T˜ 0λ(f)θwT˜
0
λ(h)
)
is a sim-
ple module. Hence T˜ 0λ(f)θwT˜
0
λ(h) ∈ Cθy·0. We also have T˜
0
λ(f)T˜
0
λ(h)θy ∈ Cθy·0 because T˜
0
λ(f)T˜
0
λ(h)θy =
T˜ 0λ(cθy·λ)θy = cθy·0 by the assumption and (4.23) for some c ∈ C. We have T˜
0
λ(f)T˜
0
λ(h)θy = T˜
0
λ(f)θwT˜
0
λ(h)
because they belong to Cθy·0 and T˜
λ
0
(
T˜ 0λ(f)T˜
0
λ(h)θy
)
= T˜ λ0
(
T˜ 0λ(f)θwT˜
0
λ(h)
)
. This completes the proof
of the first part of the proposition.
For the second part, we may assume f ∈ HomA˜p(λ)
(
P˜w·λ♭ , P˜
y·λ
♭
)
k
for some k ≥ 0 such that f 6= 0.
There is a homomorphism h ∈ HomA˜p(λ)
(
P˜ y·λ♭ , P˜
w·λ
♭
)
dy·λ−j
such that fh = θy·λ. Hence T˜
0
λ(f)T˜
0
λ(h)θy =
θy·0.
Since Bp0 is a symmetric algebra over C [19, Theorem 4.6] and A˜
p(0) is Koszul ([5, Theorem 1.1.3]),
by Corollary 3.12 we know that Bp0 = EndA˜p(0)
(
⊕w∈Wˇ 0P˜
w·0
♭
)
has an admissible basis and the canonical
form tr attached to the basis is a symmetrizing form. Hence
tr
(
T˜ 0λ(hf)θw
)
= tr
(
θwT˜
0
λ(h)T˜
0
λ(f)
)
= tr
(
T˜ 0λ(f)θwT˜
0
λ(h)
)
= tr
(
T˜ 0λ(f)T˜
0
λ(h)θy
)
= tr
(
θy·0
)
6= 0.
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Since T˜ 0λ(hf)θw ∈ EndA˜p(0)(P˜
w·0
♭ ) is homogeneous, it follows that T˜
0
λ(hf)θw ∈ C
×θw·0 and deg(hf) =
dw·0 − (dw·0− dw·λ) = dw·λ. Also deg(h) + deg(f) = dy·λ. This implies dy·λ = dw·λ. This completes the
proof. 
4.27. Remark. We conjecture that the element θ =
∑
w∈Wˇλ θw commutes with the element T
0
λ(h) for
any h ∈ EndA˜p(λ)
(
⊕w∈WˇλP˜
w·λ
♭
)
.
Proof of Theorem 1.2: By Corollary 3.14, it is enough to show that Bpλ = EndA˜p(λ)
(
⊕w∈WˇλP˜
w·λ
♭
)
is
a symmetric algebra. Recall that Bp0 = EndA˜p(0)
(
⊕w∈Wˇ 0P˜
w·0
♭
)
.
Since Bp0 is a symmetric algebra over C [19, Theorem 4.6] and A˜
p(0) is Koszul ([5, Theorem 1.1.3]),
by Corollary 3.12 we know that Bp0 has an admissible basis and the canonical form tr attached to the
basis is symmetrizing form.
Recall that Wˇλ ⊂ Wˇ 0 by (4.9). Now we define a form trλ on B
p
λ by trλ(g) = tr(T˜
0
λ(g)θ) for all g ∈ B
p
λ.
To show trλ is non-degenerate, it is enough to show that given w, y ∈ Wˇλ and a nonzero homomorphism
g ∈ HomA˜p(λ)
(
P˜w·λ♭ , P˜
y·λ
♭
)
j
for some j, there is an h ∈ Bpλ such that trλ(gh) 6= 0.
By Lemma 3.5, there exists h ∈ HomA˜p(λ)
(
P˜ y·λ♭ , P˜
w·λ
♭
)
dy·λ−j
such that gh = θy·λ. Therefore trλ(gh) =
trλ(θy·λ) = tr
(
T˜ 0λ(θy·λ)θ
)
= tr(θy·0) = 1. Hence trλ is non-degenerate. It remains to show that trλ is
symmetric.
Let g be a nonzero homomorphism in HomA˜p(λ)
(
P˜w·λ♭ , P˜
y·λ
♭
)
j
for w, y ∈ Wˇλ and j ∈ Z. By
Proposition 4.14 or Proposition 4.25, we have dw·λ = dy·λ. It is clear that trλ(gh) = trλ(hg) = 0
for all h ∈ HomA˜p(λ)
(
P˜ y
′·λ
♭ , P˜
w′·λ
♭
)
k
for w′, y′ ∈ Wˇλ with (w′, y′, k) 6= (w, y, dy·λ − j). For h ∈
HomA˜p(λ)
(
P˜ y·λ♭ , P˜
w·λ
♭
)
dy·λ−j
,
trλ(gh) = tr(T˜
0
λ(gh)θ) = tr(T˜
0
λ(gh)θy) = tr(T˜
0
λ(g)T˜
0
λ(h)θy)
= tr(T˜ 0λ(g)θwT˜
0
λ(h)) = tr(T˜
0
λ(h)T˜
0
λ(g)θw) = tr(T˜
0
λ(hg)θw)
= trλ(hg),
where we have used Proposition 4.25 for the fourth equality and the fifth equality follows from the fact
that tr is a symmetrizing form. Therefore trλ is also a symmetrizing form. This completes the proof of
Theorem 1.2.
4.28. Corollary. For a dominant integral weight λ and P a projective-injective module in Opλ, the endo-
morphism algebra EndOpλ
(
P
)
is a graded symmetric algebra equipped with a homogeneous non-degenerate
symmetric bilinear form of degree 1 − d, where d is the common graded length of all indecomposable
projective-injective modules in Opλ.
Proof. The corollary follows from Theorem 1.2 and Corollary 3.14. 
Finally, by the main results in [1], we know that the endomorphism algebra of any tilting module in
Opλ has a cellular structure. This can be generalized to the Z-graded setting without difficulty. Note
that every tilting module in Opλ has a graded lift [18, Corollary 5].
4.29. Proposition. (cf. [1]) Let λ be a dominant integral weight and Q a tilting module in Opλ. Then
the endomorphism algebra EndOpλ
(
Q
)
is a Z-graded cellular algebra over C in the sense of [9].
In fact, when g is a semisimple Lie algebra of type A, Brundan and Kleshchev [6] show that the
endomorphism algebra of the basic projective-injective module in the parabolic BGG category Op is
essentially the basic algebra of the cyclotomic quiver Hecke algebra associated to the linear quiver (i.e.,
the degenerate cyclotomic Hecke algebras of type A). So Corollary 4.28 and Proposition 4.29 indicate
that for any semisimple Lie algebra g, the endomorphism algebra of the basic projective-injective module
in the parabolic BGG category Op behaves very much like the cyclotomic quiver Hecke algebra (cf. [6],
[9], [23, Proposition 3.10]) and is a new class of interesting objects which deserves further study.
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Appendix A.
In this appendix a short proof of Theorem 1.2 is given. The proof is due to Kevin Coulembier and
Volodymyr Mazorchuk who kindly forwarded the details to us and allowed us to include it in this article
after a first version of the paper was submitted.
A1. Lemma. Let A,B be two finite dimensional associative algebras over a field K. Let F : A-mod→
B-mod and G : B-mod→ A-mod be a biadjoint pair of functors such that FG is isomorphic to a direct
sum of r copies of the identity endofunctor IdB of B-mod, where r ∈ Z>0. Then, if A is symmetric,
then so is B.
Proof. Let us start by observing that
(1) the class of symmetric algebras is closed under Morita equivalence (this follows immediately e.g.
from Lemma 3.1(2) of [19]);
(2) if an algebra Q is symmetric and e ∈ Q is an idempotent in Q, then eQe is symmetric (this
follows by restricting the symmetric trace form from Q to eQe).
Now, the functor G, being biadjoint to another functor, is exact and sends projectives to projectives.
Therefore G(BB) is a projective A-module and for every B-module M , G(M) has a presentation with
modules being the sum of copies of G(BB), where BB denotes the K-vector space B equipped with the
natural left B-module structure. Using the two observations above together with [2, Proposition 5.2
and 5.3], without loss of generality we may assume that G(BB) ∼= AA. Since FG ∼= Id
⊕r
B , the functor
G is faithful. By functoriality, G thus defines an algebra monomorphism from Bop = EndB(BB) to
Aop = EndA(AA). Hence G identifies B with a unital subalgebra of A.
Being exact, G is uniquely defined by its value on BB and EndB(BB). From the identification of
B as a subalgebra of A, we have that G is isomorphic to induction from B to A by Eilenberg-Watts
theorem (see, for example, [4, Chapter II, Theorem 2.3]), that is, G ∼= AAB ⊗B −. By adjointness, F is
then isomorphic to the restriction from A to B, that is, F ∼= BAA ⊗A −. Therefore FG ∼= BAB ⊗B −.
As FG ∼= Id⊕rB , the B-B-bimodule BAB , which represents FG, is isomorphic to a direct sum of r
copies of BBB by [4, Chapter II, Proposition 2.2]. Since A is symmetric, we have AAA ∼= AA∗A as an
A-A-bimodule and hence
BBB ⊕ · · · ⊕ BBB︸ ︷︷ ︸
r copies
∼= BB
∗
B ⊕ · · · ⊕ BB
∗
B︸ ︷︷ ︸
r copies
.
This implies BBB ∼= BB∗B as B-B-bimodules by Krull-Schmidt Theorem. Therefore B is symmetric. 
For a dominant integral weight ψ of a complex semisimple Lie algebra g, we recall that Ap(ψ) :=(
EndOp
(
⊕µ∈W˚ψP (µ)
))op
denotes the basic algebra of Opψ defined in Definition 4.10 and Λ
ψ
0 =
{
w ·
ψ|w ∈ Wˇψ
}
denotes the set of socular weight ofOpψ defined in (4.8). LetB
p(ψ) :=
(
EndOp
(
⊕µ∈Λψ
0
P (µ)
))op
denote the opposite algebra of the endomorphism algebra of the basic projective-injective module of Opψ .
For a dominant integral weight λ, let Cλ (resp. C′λ) be the full subcategories of A
p(λ)-mod (resp.
Ap(0)-mod) consisting of modules with a presentation Q1 → Q0 → M → 0 such that Q0 and Q1 are
sum of summands of the basic projective-injective Ap(λ)-module (resp., the projective-injective Ap(0)-
module
⊕
w∈Wˇλ P
w·0
♭ ). By Lemma 4.1 (i) and (iii), T
λ
0 sends C
′
λ to Cλ and T
0
λ sends Cλ to C
′
λ. Note that
the restriction of the functor T λ0 to C
′
λ and the restriction of the functor T
0
λ to Cλ are a biadjoint pair
of exact functor. By [2, Proposition 5.2 and 5.3], there are equivalences of categories: Cλ ≃ Bp(λ)-mod
and C′λ ≃ Bˆ
p(0)-mod, where Bˆp(0) :=
(
EndOp
(
⊕w∈WˇλP
w·0
♭
))op
. Recall the observation of (1) and (2)
in the proof of Lemma A1. Now Theorem 1.2 follows from [19, Theorem 4.6] and Lemma A1.
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